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In this study, distribution and history of residual stresses in plaque-like geometries are simulated based on
linear thermoviscoelastic model, which helps to understand the mechanics and evolution of the residual
stresses in the injection molding process. The numerical calculation of direction, combined with the spec-
ified boundary conditions. Results show that the stress variation across the thickness exhibits a high surface
tensile value changing to a compressive peak value close to the surface, with the core region experiencing a
parabolic tensile peak. Residual stress distribution throughout the thickness is almost same along the
flowpath and the final residual stresses value near the gate is lower than the value near the end of flowpath.
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1. Introduction

Injection molding is a flexible production technique for the
manufacturing of polymer product. A typical injection molding
process consists of four stages: filling stage, packing stage,
cooling stage, and ejection of the mold. During these processes,
the residual stresses are produced due to high pressure and
cooling, which induce the warpage and shrinkage. To yield the
product with high precision, it is important to simulate the
pressure- and thermal-induced residual stresses in the pro-
cesses.

Residual stresses of injection molding have received more
and more attention recently. Many researchers calculated the
residual stresses and shrinkage by using different models. For
example, Bushko and Stokes (Ref 1, 2) investigated the
problem of solidification of a molten polymeric material
between cooled parallel plates to study the mechanics of part
shrinkage and warpage and the buildup of residual stresses in
the injection molding process. An orthotropic thermo-rheolog-
ically simple viscoelastic model was assumed. Packing pressure
effect was assessed by introducing the reference strain. Jansen
and Titomanlio (Ref 3, 4) calculated residual stresses using a
simple elastic model. The pressure effect has been included in
the analysis. In this model, all relaxation effects are neglected.
Thus the model overestimated calculated stress. Kamal et al.
(Ref 5) analyzed the thermal stress in the thin wall moldings
using the models that assume linear thermoelastic and linear
thermoviscoelastic behavior of polymeric materials. Polymer
crystallization effects on stresses are examined. Zoetelief and
Douven (Ref 6) simulated the thermal residual stress using a

linear viscoelastic constitutive model in the holding stage and
compared the results with the experimental results.

In general, existing studies on the residual stresses focused
on the theory analysis and isolated model, without combining
with the characteristic of the injection molding and integrating
with the packing and cooling analysis. In this study, distribution
and history of residual stresses in plaque-like geometry are
simulated by using the same material model as that of Zoetelief
(Ref 6). In the simulation, both the packing and cooling stages
are considered so that effects of pressure and thermal history
and stress relaxation are taken into account. The numerical
calculation model is built by finite difference method in the
time and layer discretization in the thickness direction,
combined with the proposed specified boundary conditions.
The developed simulation system is used to calculate the
residual stresses of the typical injection parts. To verify the
modeling, calculation results are compared with the experiment
results in Ref 6.

2. Modeling and Implementation

2.1 Linear Thermoviscoelastic Model

Thermally and pressure-induced stresses arise from inho-
mogeneous cooling of the part in combination with the
hydrostatic pressure. On cooling, the relaxation time increases
and becomes comparable to the process time. Therefore
accurate predictions of thermal stresses would require visco-
elastic constitutive equations. In the limit of infinitesimal
strains, the behavior of viscoelastic materials is well described
by the theory of linear viscoelasticity. Because the most
injection molding products are very thin, we can take the flow
direction as the 1-direction and the local thickness direction as
the 3-direction and build the local coordinates. The total stress
tensor can be split into a hydrostatic pressure and an extra stress
part (Ref 6, 7):

rij ¼ �PhI þ sij ðEq 1Þ
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1

3
Trr ¼ �
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ðEq 2Þ
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where Ph is the hydrostatic pressure and equals to negative
spherical tensor, sij is the extra stress tensor, G1 is bulk
relaxation function, G2 is shear relaxation function, eth is
thermal strain, em is spherical stain tensor, edij is extra stain
tensor and 1ðtÞ is material time.

To briefly comment on the relaxation functions G1 and G2,
let 3K and 2G denote the value of G1 and G2 at time t = 0,
respectively (Ref 8):

G1ðtÞ ¼
E

1� 2u
uðtÞ ¼ 3KuðtÞ ðEq 4Þ

G2ðtÞ ¼
E

1þ u
uðtÞ ¼ 2GuðtÞ ðEq 5Þ

where E and l are Young�s modulus and Poisson�s ratio,
respectively. K and G are bulk and shear modulus, respectively.
Both G1 and G2 depend on the same relaxation function u(t).
The relaxation function is approximated as a sum of weighted
exponential functions:

uðtÞ ¼
XN

k¼1
gk exp �

t
kk

� �
ðEq 6Þ

where kk and gk are the relaxation spectrum and in which
PN
k¼1

gk ¼ 1:

It is assumed that initial stain and stress are undisturbed for
all when t< 0. By applying Eq 4 to Eq 2, the hydrostatic
pressure can be expressed as

Ph¼
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ðEq 7Þ

Thermal strain is given by:

eth ¼
Z t

0

að�tÞ @T ð�tÞ
�t

d�t ðEq 8Þ

where a is thermal expansion coefficient. If a is constant, the
thermal strain can be written as

eth ¼ a
Z t

0

@T ð �tÞ
�t

d�t ðEq 9Þ

Substituting Eq 5 into Eq 3 results in:

sijðtÞ ¼ 2

Z t

�1
Guð1ðtÞ � 1ðt0ÞÞ

@edij
@t0

dt0 ðEq 10Þ

where extra strain tensor is given by:

edij ¼ eij �
1

3
Tredij ðEq 11Þ

To wish to briefly comment, let KðtÞ ¼ KuðtÞ; bðtÞ ¼ 3aKuðtÞ,
and GðtÞ ¼ GuðtÞ:

Substituting Tre ¼ e11 þ e22 þ e33 ¼ 3em into Eq 7 results
in:

Ph ¼
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ðEq 12Þ
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In Eq 2, 3, 12, and 13, 1ðtÞ is material time and defined as

1ðtÞ ¼
Z t

0

1

aT
dt0 ðEq 14Þ

where aT is the time-temperature shift factor. For amorphous
materials with temperatures raging from glass transition
temperature to 100 �C above glass transition temperature, the
classic WLF (Ref 7) equation is used to describe the time-
temperature shift factor:

log10 aT ¼ �
c1ðT � TrÞ

c2 þ ðT � TrÞ
ðEq 15Þ

For temperatures outside the above range or for semicrys-
talline materials, an Arrhenius expression is chosen:

ln aT ¼ �c3ðT � TrÞ ðEq 16Þ

where c1, c2, and c3 are constants and Tr is a reference
temperature.

2.2 Assumptions and Boundary Conditions

For simplifying the calculation of thermally and pressure-
induced stresses in the injection molding process, the following
assumptions are made:

(1) While in the mold, the materials are locally constrained
in the in-plane directions by three dimensional features
of the part (bosses, ribs, and other walls). The material
is assumed to be constrained in the in-plane directions,
so that in-plane strain e11 ¼ e22 ¼ 0:

(2) The normal stress r33 is constant in the thickness direc-
tion.

(3) As long as the cavity pressure is nonzero (r33 < 0Þ, the
materials stick to the mold walls.

(4) Mold elasticity is neglected.
(5) The warpage in the mold is not taken into account.

In injection molding process, the flow-induced stresses
during the filling stage are an order of magnitude smaller than
the thermally induced stresses (Ref 9). Therefore, flow-induced
stress is neglected in a crude approximate model. In this study,
only the packing and cooling stages of injection molding were
considered for the analysis of residual stresses. It is assumed that
the material is undisturbed for all t< 0. In the molding process,
the local boundary conditions keep changing with time,
including temperature, cavity pressure, and mold constraint.
Zhou and Li (Ref 10) and Cui et al. (Ref 11) successfully
simulated the temperature and pressure field of the packing stage
and cooling stage using the surface mesh model, which provide
the essential input for the presented residual stresses analysis.
Differing from the four situations used as boundary conditions
in Ref 6, the following different cases are considered for the
local boundary conditions in terms of the normal stress r33:
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(1) When packing stage begins, the molten material solidi-
fies at the mold surface and there is coexistence of two
solid skins and a liquid core, like sandwich. The normal
stress equals the opposite of the cavity pressure. In this
stage, the pressure can be controlled and be obtained by
the packing simulation:

r33 ¼ �P ðEq 17Þ

(2) After packing stage or the gate completely froze, no
more packing pressure is applied to the part to compen-
sate for the volumetric shrinkage by cooling. In this
case, cavity pressure still exists. Therefore, the material
sticks to the mold walls and there is no change in thick-
ness direction:

Z l=2

�l=2
De33ðzÞdz ¼ 0 ðEq 18Þ

(3) When cavity pressure drops to zero, material detaches
from the walls and shrinks in the thickness direction un-
til demolding.

2.3 Numerical Formulation

For the numerical solution of the residual stress problem, the
linear thermoviscoelastic equation is written in a temporally
discrete form. In this way, the stress state at time tn+1 can be
evaluated from the known stress state at time tn. First, Eq 12
can be written as

Phðtnþ1Þ ¼ PhðtnÞ þ bDT � KTrDe ðEq 19Þ

where DT and De are the change in temperature and strain
respectively, during time step Dt ¼ tnþ1 � tn.

Extra stress can be decomposed as

s11ðtÞ ¼
XN

k¼1
pðkÞ11 ðtÞ ðEq 20aÞ

s22ðtÞ ¼
XN

k¼1
pðkÞ22 ðtÞ ðEq 20bÞ

s33ðtÞ ¼
XN

k¼1
pðkÞ33 ðtÞ ðEq 20cÞ

where

pðkÞ11 ðtÞ ¼ 2Ggk

Z t

0

expð� 1ðtÞ � 1ðt0Þ
k

Þded11ðt0Þ ðEq 21Þ

Differentiate Eq 21 with respect to t, thus:

dp11
dt
þ 1

k
d1
dt

p11 ¼ 2Ggk
ded11
dt

ðEq 22Þ

The differential equation can then be discretized using a
finite difference scheme which gives:

p11ðtnþ1Þ � p11ðtnÞ
Dt

þ 1

k
D1
Dt

p11ðtnþ1Þ ¼ 2Ggk
Ded11
Dt

ðEq 23Þ

Equation 23 further can be expressed as

pðkÞ11 ðtnþ1Þ ¼ 1k ½p
ðkÞ
11 ðtnÞ þ 2GgkDed11� ðEq 24Þ

where

1k ¼ ð1þ
D1
kk
Þ�1 ðEq 25Þ

Similar equations can be obtained:

pðkÞ22 ðtnþ1Þ ¼ 1k ½p
ðkÞ
22 ðtnÞ þ 2GgkDed22� ðEq 26Þ

pðkÞ33 ðtnþ1Þ ¼ 1k ½p
ðkÞ
33 ðtnÞ þ 2GgkDed33� ðEq 27Þ

Considering the incremental strain, basic assumption (1)
De11 ¼ De22 ¼ 0 implies:

TrðDeÞ ¼ De11 þ De22 þ De33 ¼ De33 ðEq 28Þ

Dem ¼
1

3
ðDe11 þ De22 þ De33Þ ¼

1

3
De33 ðEq 29Þ

Ded11 ¼ De11 � Dem ¼ �
1

3
De33 ðEq 30Þ

Ded22 ¼ De22 � Dem ¼ �
1

3
De33 ðEq 31Þ

Ded33 ¼ De22 � Dem ¼
2

3
De33 ðEq 32Þ

Thus the normal stress component can be expressed as:

r33ðtnþ1Þ ¼ r�33 þ
4

3
G
XN

k¼1
1kgk þ K

 !
De33 ðEq 33Þ

where r�33 is given by:

r�33 ¼ �ðPhðtnÞ þ bDT Þ þ
XN

k¼1
1kpðkÞ33 ðtnÞ ðEq 34Þ

Thus the incremental strain component De33 at the time
interval can be calculated on the basis of Eq 33:

De33 ¼
r33ðtnþ1Þ � r�33

4
3 G
PN
k¼1

1kgk þ K
ðEq 35Þ

According to above temporally discrete form, the stress state
at time tn+1 can be evaluated from the known stress state at time tn
and boundary conditions. The calculation is performed element
by element at each layer, based on the finite element mesh used in
packing and cooling analysis and layers in the thickness
direction. The computation procedure is summarized as follows:

(1) Based on the simulated temperature field result, calcu-
late DT ¼ Tðtnþ1Þ � TðtnÞ at tn+1;

(2) Calculate the time-temperature shift factor aT, the mate-
rial time step D1 and 1kðk ¼ 1; 2; :::;NÞ based on Eq 15
and 16, Eq 14 and 25, respectively;

(3) Calculate the r�33, substitute current hydrostatic pressure
Ph(tn) and step temperature change DT into Eq 34;

(4) Determine the normal stress component r33 by the
boundary conditions of different injection stage:
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Case 1: If there is coexistence of solid layers and liquid
core, the normal stress equals the opposite of the cavity
pressure, r33 can be obtained based on Eq 17:

r33ðtnþ1Þ ¼ �Pðtnþ1Þ ðEq 36Þ

Case 2: When the material has solidified throughout the
thickness, the material still sticks to the mold walls and
the change in thickness direction is zero based on Eq 18
then:

Dl0 ¼
XN

i¼1
De33l

ðiÞ
0 ¼ 0 ðEq 37Þ

where l0
(i) is the initial thickness of layer i, substituting Eq

35 into Eq 37 results in:

r33ðtnþ1Þ ¼
PN

i¼1
r�
33

V lðiÞ0PN
i¼1

1
V lðiÞ0

ðEq 38Þ

where V ¼ 4
3G
PN

k¼1 1kgk þ K.
Case 3: Cavity pressure drop to zero and the material
detaches from the walls, so:

r33ðtnþ1Þ ¼ 0 ðEq 39Þ

(5) Calculate De33 by substituting current normal stress r33

into Eq 35;
(6) Calculate extra strain tensor based on Eq 30, 31, and

32, and calculate hydrostatics pressure Ph(tn+1) using Eq
19;

(7) Calculate extra stress tensor s11; s22, and s33 based on
Eq 20;

(8) Calculate r11 and r22 based on Eq 1.

3. Results and Verification

To study the evolution and distribution of the stresses,
simulation is performed for a fan-gated specimen (300 · 75 ·
2.5 mm3), as shown in Fig. 1. A minimum complexity
approach is proposed in this article to emphasize the process
physics, which would result in a better understanding of the
transition that takes place during the molding. The material
used was ABS (Novodur P2X of Bayer). The material
parameters and the main processing parameters are listed in
Tables 1 and 2, respectively. Relaxation spectrum kk and gk
in Eq 6 are listed in Table 3. The material parameters used in
time-temperature shift equations Eq 15 and 16 are listed
in Table 4. All above material data were from Ref 6.

According to the basic assumptions (3) normal stress equals
the negative of the packing pressure in the simulation. Therefore,
the evolution of the cavity pressure shows the variety of the
normal stress. Figure 2 shows the calculated pressure history at
different locations along the flowpath, including the pressure
profiles near the gate, quarter to the gate, halfway down to the
end, quarter to the end, and near the end of the flowpath.

3.1 Evolution of Residual Stresses

To the transversely isotropic material, x-direction stress
equals y-direction stress. Figures 3 and 4 show the in-plane
stresses (stresses in the flow plane) distribution in the gapwise
(thickness) direction and its evolution of the central position P1

(marked in Fig. 1). Figure 3 shows the whole evolution of in-
plane stresses. Figure 4 shows stresses distribution at five
typical instants: (1) at the beginning of the filling stage; (2) at
the end of the filling stage; (3) at the end of the packing stage;
(4) when the pressure of the central position drops to zero; (5)
just before ejection.

During filling, the melt material is forced into the mold.
When the melt contacts the cold mold surface, a very thin layer
solidifies quickly at the mold surface, in which the stress is
induced as a result of material cooling. Below the surface, the
stress distribution has a sharp decline. As shown in Fig. 4,
the stress remains uniform over a central region in which the
material is essentially in a rubbery state with low elastic
modulus and equals the negative of the packing pressure. As
the packing stage starts, in-plane stress continues to decrease
and quickly reaches the lowest value as the quick increase of
the cavity pressure. During packing, packing pressure forces

Fig. 1 Rectangular strip mold cavity (mm)

Table 1 Material properties

Material parameter Value

Material brand Novodur P2X
Producer Bayer
Solidification temperature (K) 368
Thermal expansion coefficient (1/K) 8· 10-5

Young�s modulus (MPa) 2240
Shear modulus (MPa) 805
Poisson�s ratio 0.392

Table 2 Processing conditions of injection molding

Processing parameter Value

Injection time (s) 1.2
Packing time (s) 6.3
Cooling time (s) 21.7
Melt temperature (K) 513
Mold temperature (K) 325
Packing pressure (MPa) 60
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the melt material into the mold to compensate for the
volumetric shrinkage that occurs during cooling. In-plane stress
in the core region mainly holds constant at first, and then slowly
decays as the cavity pressure. Moreover, the stress evolution
corresponds to the evolution of the cavity pressure in Fig. 2.
The stress in the constrained solidified layers increases as a
result of temperature decreases. At the end of the packing, the
shape of the distribution changes and shows that relative high
stresses have been built up in the surface layer, followed by a

sharp decline in the region more inward. Stresses in central
region still remain uniform. Then, no more packing pressure is
applied to the part and the cavity pressure drop quickly, which
causes the compressive stress begins to decrease throughout the
product. Just before ejection, the residual stress distribution
consists of three distinct regions made up of two skins and a
core. The stress exhibits a high surface tensile value and
changes to a compressive peak value close to the surface, with
the core region experiencing a parabolic peak.

3.2 In-plane Residual Stresses Distribution in Flowpath

In the injection molding, the pressure history and temper-
ature history at different location are not same, which causes an
un-uniform distribution of the in-plane stress. Figure 5 shows
the predicted final in-plane stresses distributions in the gapwise
direction along the flowpath after ejection. The shapes of the

Table 3 Relaxation spectrum data

1 2 3 4 5 6

kk (s) 4.706 · 10-9 4.410 · 10-6 2.082 · 10-3 6.198 · 10-1 3.035 · 106 2.749 · 108

gk 5.014 · 10-2 8.585 · 10-2 2.869 · 10-1 4.043 · 10-1 3.531 ·10-4 1.171 ·10-4

Table 4 Parameters in time-temperature shift functions

Parameter Value

c1 14.22
c2 (K) 47.01
c3 (K

-1) 0.3291
Tr (K) 373

Fig. 2 Calculated pressure history at different locations along the
flowpath

Fig. 3 In-plane stress distribution and evolution of Point P1

Fig. 4 In-plane stress distribution in the gapwise direction at five
typical instants of Point P1

Fig. 5 In-plane stress distribution in the gapwise direction along
the flowpath after ejection
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stresses distribution in the gapwise direction are almost the
same along the flowpath. However, the central tensile stresses
near the gate are littler lower than the stresses at the locations
away from the gate.

3.3 Experimental Verification

Measurements of residual stresses are frequently carried out
with the layer removal method. This method is relatively easy
to apply to flat specimens and gives information about the
stress distribution in the gapwise direction. Zoetelief (Ref 6)
successfully applied this method to the specimens and the
experimental data are used for verification in this article.

As shown in Fig. 6, the calculated stresses profiles are
compared with Zoetelief�s experimental values and simulation
results (Ref 6). In the calculation, material and processing
parameters are same to the Zoetelief�s experiment. There is a
qualitative agreement between the measured and the calculated
results. Moreover, to the amorphous polymer, the calculated in-
plane stresses in x and y directions are the same, since
anisotropy is not taken into account. It can be seen that there is
a peak at the subsurface region in the simulation results of
Zoetelief, which has been improved observably in this article
with more reasonable treatment of the boundary conditions.

4. Conclusion

In the present study, the evolution and the distribution
along the flowpath of the cavity pressure and residual stresses
are simulated. Calculations with a viscoelastic mode are
compared with experimental results obtained with the layer
removal method for ABS specimens. Calculations show

in-plane stresses distribution in the thickness direction varies
greatly in the injection molding process.

At the beginning, there are considerable higher stresses in
the skin region, while stresses drop quickly below the surface
and remain uniform over a central region. Just before ejection,
the stresses exhibit a high surface tensile value and change to a
compressive peak value close to the surface, with the core
region experiencing a parabolic tensile peak. During the
process, the shapes of the stresses distribution in the gapwise
direction are almost the same along the flowpath. At the
beginning, there is a significant difference of the stresses value
along the flowpath and then stresses tend to be uniform. After
ejection, the central tensile stresses near the gate are little lower
than the stresses at the locations away from the gate.
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